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Abstract 
vi 
A systematic procedure is described for the determination of coefficients in 
linear smoothing formulas and related derivative estimation formulas, and coeffi- 
cients are tabulated for a selection of commonly useful formulas of this type. 
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Polynomial Smoothing Formulas and Derivative Formulas 
for One or Two Independent Variables 
1. Introduction 
The first part of this report discusses the mathematical 
basis of smoothing formulas and related derivative esti- 
mation formulas, with special emphasis on polynomial 
fitting in one or two independent variables at equally 
spaced abscissas. The task of constructing smoothing for- 
mulas is shown to reduce to that of solving certain linear 
least squares problems. A method for solving linear least 
squares problems by computer can then be employed to 
obtain the desired formulas. 
The appendixes provide tables of smoothing formulas 
and derivative formulas for least squares polynomial fit- 
ting at equally spaced abscissas. In the case of one inde- 
pendent variable, smoothing formulas are given for each 
odd number m of points up to 11 and for each degree n 
of polynomial approximation such that 1 5 n < m. First 
and second derivative formulas for unit spacing are 
included. In the case of two independent variables, 
smoothing formulas are given for 3 X 3, 3 X 5, and 
5 X 5 planar arrays of points with linear and quadratic 
approximations. Derivative formulas are provided for all 
non-zero partial derivatives. 
program LSQSOL' developed at the Jet Propulsion 
Laboratory (JPL) by R. J. Hanson. A brief concluding 
section explains how this program can be used to de- 
velop smoothing formulas for more than two variables 
and smoothing formulas based on other sets of functions. 
II. Formulas for One Independent Variable 
A. Smoothing Formulas 
Let xl,...,xm be equally spaced values of one inde- 
pendent variable at which data yl,. . . ,ym are given. Let 
n satisfy 0 2 n < m. Consider the problem of comput- 
ing approximating values P(xl), . . . ,P(%) assumed by a 
polynomial P of degree n at most which minimizes the 
expression 
This problem can be solved by means of smoothing for- 
mulas without constructing the actual polynomial. 
The Calcuhtions for this report Were made On an 
IBM 7094 machine with the help of a linear least squares 
"writsups for LSQSOL, COVLSQ, and SEQLSQPEQLQ2, 
April 24, 1968. 
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A polynomial smoothing formula of degree n for m 
points is a matrix C such that the product of C with a 
column vector whose entries are y,, - -. ,ym is the column 
vector whose entries are the values P(x l ) ,  . . - , P ( k )  of the 
least squares fitted polynomial of degree 5 n. The ma- 
trix C must be independent of the data y l , .  . . ,ym. The 
existence of such a smoothing formula for each m and n, 
(n < m), will be shown to follow from known facts 
about the solution of linear least squares problems. (For 
another treatment see Hildebrand, Ref. 1.) Also it will be 
shown that C is independent of the abscissas x,, . I - ,xm, 
as long as these are evenly spaced. 
We write P ( x )  = bo + b,x + . . . + b,xn, where the 
coefficients are to be determined so that u(P) is mini- 
mized. Let b and y be two column vectors with entries 
bo,. . . ,b, and y l , .  . . ,ym respectively, and let A = (aii) 
be the m X (n + 1) matrix such that, for each i = 1, . . . ,m, 
i f i =  1 
if 1 < j _< (n + 1) (2) (xi)i-l aii = 
The product Ab is the column vector 2 with entries 
P(x l ) ,  -. .,P(xn).  Evidently, the problem of minimizing 
Eq. (1) by a proper choice of P is equivalent to that of 
minimizing the Euclidean length of the vector 
Ab - y 
by a proper choice of b. The latter problem is known to 
have the solution 
b = A+y 
where A+ is the pseudoinverse of the matrix A. (See 
Ref. 2.) The values of the minimizing polynomial are 
then given by 
A y = Ab = AA'y 
Thus the smoothing formula C is the matrix A'. It is 
independent of the data y, since A and A+ are defined 
only in terms of xl, . . . ,k. 
It should be noted that if n < my there is only one 
polynomial of degree 2 n which minimizes U. For sup- 
pose P and Q are two such polynomials. Define a new 
polynomial Rt for each 0 5 t 5 1 by 
& ( x )  = tP(x) + (1 - t)Q(x) 
Now 
so that 
If P(x i )  f Q(xi)  for some i ,  then (d2/dtz) u(Rt) > Oand the 
graph of Rt for 0 5 t 5 1 is concave upward. This means 
that u(RlIz) < u(P), contradicting the fact that P mini- 
mizes U. Hence, it must be the case that P ( x i )  = Q(xi)  
for i = 1,. . . ,m. The two polynomials P and Q of de- 
gree n < m agree at m points; therefore, they are 
identical. 
The results of the previous paragraph can be used to 
show that the smoothing formula C is independent of 
the points x,, . . . ,x, as long as there is even spacing. 
Let X,, ...,X, be any m equally spaced points (not 
necessarily with the same spacing as x,, . . ,%) and let 
E be a smoothing formula of degree ( n  < m) for use 
with data given at TI,...,?&. It suffices to show that 
Cy = e y  for an arbitrary data vector y, since this will 
imply that C = E .  For an arbitrary y, let u be defined 
as in Eq. (1) and define Cr by 
for any polynomial Q. It is possible to define a one-to- 
one mapping from the set of all polynomials of degree 
5 n onto itself, the image of each P being denoted by 
F, such that 
P(xJ  = P(XJ (3) 
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for i .  = 1,. . . ,m and all P. Specifically, P is obtained 
from P by the formula 
x z  - x1 P(Z) = P x1 + [X - % I )  ( xz - 2 1  
- 
Equation (3) immediately implies 
u(P)  = Z ( F )  
for all P. From this it follows that a has- the same mini- 
mal value as u over polynomials of degree < n. Let 
Po be the unique polynomial which minimizes u (uniquz- 
ness is assured by the previous discussion). Then Po 
is the unique polynomial minimizing Cr. The entries 
of Cy and c y  are given by P,,(x,),.-.,Po(xm) and 
Fo(Zl),.. . ,F0(Zm), respectively. Equality holds entry by 
entry, according to Eq. (3). Therefore Cy = 
B. Derivative Formulas 
A polynomial derivative formula of degree n for m 
points is a matrix whose product with an arbitrary data 
vector having m entries lists the values of the derivative 
of the least squares fitted polynomial having degree _< n. 
Derivative formulas can be constructed for all orders of 
derivatives. Since the coefficients of the approximating 
polynomial are given by b = A+y, the values of its first 
derivative at xl,. . . ,sc, are given by A'b = A'A+y, where 
A' = (a :?)  is the m X (n  + 1) matrix such that 
i f j = 1  
if j > 2 
a! .  1.3 = f O 1 i f f = 2  (4 
( j  - 1) ( ~ i ) i - ~
Thus the first derivative formula is A'A+. Similarly, the 
second derivative formula is A"A+, where A" = (ayi) is 
the m X (n  4- 1) matrix such that 
i f f 5 2  
a!'. = 2 i f f  = 3 (5) 
1 O  (f - 2) (f - 1) ( x i ) i - 3  if f > 3 s3 
Derivative formulas are not independent of the spac- 
ing of the array, although they are independent of trans- 
'Smoothing formulas could also be developed for abscissas with 
non-uniform spacing. The construction would be identical with 
that given above. Once a smoothing formula is obtained for one 
set of points, the same formula can be used for any geometrically 
similar set of points. This follows from an argument simiIar to the 
one of the previous paragraph. 
lations. Let D and E be the first and second derivative 
formulas when unit spacing is employed, and let D k  and 
E h  be the corresponding formulas when the uniform 
spacing is h (h = xz  - x l ) .  Then it is easy to see that 
The derivative formulas D and E are given in the 
tables, with the formulas for non-unit spacing obtainable 
by dividing by h and h2, respectively. 
C. Computation 
The smoothing formulas and derivative formulas listed 
in Appendix A were obtained by carrying out the follow- 
ing steps for each odd integer m with 3 _< m _< 11 and 
each integer n with 1 5 n < m: 
Construct m X (n + 1) matrices A, A', and A" 
as described in Eqs. (2), (4), and (5) using 
x i  = i - (m + 1)/2. The actual multiplications 
need only be done once to form A, A', A'' with 
m = 11 and n = 10. These results can be stored 
in new locations B, B', B". Then matrices A, A', A" 
for arbitrary m and n are formed by intersecting 
the middle m rows and the first n + 1 columns of 
each of the matrices B, B', B". The particular 
choice of the xs's makes the matrix entries as small 
as possible in absolute value, subject to the re- 
striction of unit spacing needed to construct 
D and E. 
Compute the pseudoinverse A+ of the matrix A+ 
using the JPL Fortran IV subroutine LSQSOL. 
Although this subroutine actually computes A'y 
for any vector y, the matrix A+ can be recon- 
structed by virtue of the fact that if ei is the ith 
column of the identity matrix, then A+ei is th& 
ith column of A+. 
Form the three matrix products AA', A'A', A"A+, 
and print them out together with the numbers m 
and n. These matrices are just the smoothing for- 
mula C and the first two derivative formulas D 
and E, respectively. 
The smoothing formulas generated in this way can be 
checked against the several smoothing formulas given in 
Hildebrand (Ref. l), which have exact fractional entries. 
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In the case m = 7 and n = 5, for instance, the decimal 
expansions agree to 7 significant figures, with a possible 
error of +1 in the eighth digit. 
7 A =  
In each case where n = m - 1, the smoothing for- 
mula is simply the identity matrix, since m points can be 
fitted exactly by an interpolating polynomial of degree 
m - 1. In such a case, the first and second derivative 
formulas can be used to compute the values of the first 
two derivatives of the interpolating polynomial through 
m points. 
1 x1 Y l  
1 X Z  Yz 
. 
1 x, Ym 
D. Use of Appendix A 
As previously indicated, each smoothing formula in 
Appendix A is a matrix whose product with a data vector 
with entries yl, - .  .,ym is the vector of smoothed values 
P(xl), . -. ,P(x.J assumed by the least squares fitted poly- 
nomial of degree n. Thus, the value P ( x 3 )  is obtained by 
multiplying each entry in the row Iabeled P ( J )  by the 
component of the data vector indicated in the column 
heading, and then summing the results. Similarly, by 
carrying out the same procedure for the row of the 
derivative formula Iabeied H*P'(J), the value h P'(xj) 
is obtained, where h is the uniform spacing of the ab- 
scissas. The row labeled H*H*P"(J) is used to compute 
hZ*P"(x3). The center row of each formula is offset by 
extra space, since this row is used most often in 
applications. 
To illustrate the use of the tables, let data take the 
values 3, 5, 4, 2, 6 at the points -4, -2, 0, 2, 4, respec- 
tively. Suppose we wish to compute the values of the 
third-degree least squares fitted polynomial and its first 
two derivatives evaluated at 0. These are obtained by 
using the third row of each of the formulas for m = 5 
and n = 3 so that 
P(x3)  = 3( -0.0857143) + 5(0.3428571) + 4(0.4857143) 
+ 2(0.3428571) + 6( -0.0857143) = 3.571 
P'(x3) = &[3(0.0833333) + S(0.6666667) + 4(0.0000000) 
+ 2(0.6666667) + 6( -0.0833333)l = - 1.125 
P"(x3) = (+)2[3(0.2857143) + 5( -0.1428571) 
+ 4( - 0.2857143) + 2( - 0.1428571) 
+ 6(0.2857143)] = 0.107 
111. Formulas for Two Independent Variables 
A. Smoothing Formulas 
Let (xl,yl), -. .,(xm,ym) be the points of an P X s array 
of points in the plane, listed row by row (thus m = rs). 
Suppose that any two horizontally adjacent points are 
separated by a distance h and that any two vertically 
adjacent points are separated by a distance k. Given data 
zl,. . . ,z, at these points, consider the problem of com- 
puting the approximating values P(xl,yl), . - a ,P(xm7ym) 
assumed by the function P of the form P(x,y) = a + b~ 
+ cy which minimizes the expression 
This problem can be solved easily with a linear smooth- 
ing formula for an r X s array, by which we mean a 
matrix C whose product with the column vector z having 
entries zl, - . . ,zn, is the column vector 3 having the en- 
tries P(xl,yl), . . . ,P(x,,,yna), for the linear function P 
minimizing U. Similarly, the problem of computing ap- 
proximating values assumed by a function of the form 
P(x,y) = a + bx + cy + dxz + exy + fy2 which mini- 
mizes u can be solved by means of a quadratic smooth- 
ing formula for an r X s array, defined in an analogous 
way. As is so with smoothing formulas for one indepen- 
dent variable, each of these problems is equivalent to 
one of minimizing the Euclidean length of the vector 
Ab - z 
by a proper choice of b, where for the linear problem 
b =  




, A =  
1 x1 y1 x," X l Y l  Y1z 
Yz" 1 xz yz x," XZYZ . . . .  
. . . .  
. . . .  
1 X, ym XmYm Y: 
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The minimum Euclidean length of Ab - z is attained 
by putting b = A+z, where A+ is the pseudoinverse of 
A. The vector 3 with entries P(xl,y,), . . ,P(xm,yv,) is given 
z = Ab = AA+z A 
by 
so that the smoothing formula C is the matrix AA'. 
It can be shown that C is independent of the points 
(xl,yl), . . . ,(xm,ym) by the same type of argument as that 
given in Section 1I.A. 
6. Derivative Formulas 
A linear (or quadratic) derivative formula for an r X s 
array of points is a matrix whose product with an arbi- 
trary data vector having m = rs entries lists the values 
of a derivative of the least squares fitted linear (or quad- 
ratic, respectively) function. A derivative formula can be 
constructed for a partial derivative of any given order by 
multiplying the appropriate formal partial derivative of 
the matrix A with the matrix A+. Here A is given by 
Eq. (7) for the linear case and by Eq. (8) for the quad- 
ratic case. A formal partial derivative of the matrix A 
is obtained by replacing each entry of A, regarded 
as a function f(x,y) evaluated at (xi,yi), by the speci- 
fied partial derivative of f evaluated at (xi,yi). We 
shall denote the formal derivatives of first order by 
A, and A, and those of second order by A,, A,,, 
and AVv The corresponding derivative formulas will be 
denoted by D,, D,, D,,, D,,, and D,,. They are given 
by D, = A,A+, . . . ,Dug = A,,A+. 
Derivative formulas depend on the horizontal spacing h 
and the vertical spacing k of the array of points. If we 
use D,, D,, D,,, D,,, and D,, to denote derivative for- 
mulas for spacing h and k, and use E,, E,, E,,, E,,, and 
E,, to denote derivative formulas for unit horizontal 
and vertical spacing, then it is easy to see that these are 
related by the equations 
1 
h D, = -Exy 
1 
Dx, = -&&Jy 
1 
D, = -i;Eg 
1 
D,, = -j$- E,, 
C. Computation 
The procedure by which the formulas of Appendix B 
were obtained is as follows. A matrix A is constructed as 
in Eq. (8) for quadratic approximation with a 5 X 5 array 
of points whose corners are (l,O), (5,0), (1,-5), (5,-5). 
The points are taken row by row. The formal first par- 
tials A, and A, are formed as shown in Section 1II.B. By 
putting together submatrices of these three matrices, the 
corresponding matrices for quadratic approximation with 
3 X 5 and 3 X 3 arrays are obtained, as well as those for 
linear approximation with each of the three arrays. 
For quadratic approximation with each of the arrays, 
A+ is computed using LSQSOL (cf. step 2 in Section ILC), 
and the products AA', A,A+, and A,A+ are formed. Then 
the following are printed: AA+, AA', A,A+, the fourth 
row of 2A+, the fifth row of A+, and the sixth row of 2A'. 
The first three items are, of course, the smoothing for- 
mula C and the derivative formulas E, and E,. As is 
easily established, the last three items are just the first 
rows of the second order partial derivative formulas E,,, 
E,,, and EVv Only the first row of each of these is 
printed, since the other rows are the same as the first. 
For linear approximation with each of the arrays, the 
results which are printed out are the smoothing formula 
AA+, the second row of A+ and the third row of A'. The 
last two items are the first rows of E, and E,. Each of 
these matrices has all other rows identical with the first 
row. The formulas E,,, E,, and E,, are not listed, since 
they are identically zero. 
D. Use of Appendix 6 
To apply the formulas of Appendix B to an r X s array, 
the points of the array should be numbered from 1 to 
m = rs by letting the successive points of the top row 
from left to right take the numbers 1 through s, the suc- 
cessive points of the second row take the numbers s + 1 
to 2sj and so forth, until all r rows are counted. Given a 
data vector with components yl, . . . ,ym, where the sub- 
script on each entry indicates the number of the point at 
which the data value is given, the values of the least 
squares fitted linear (or quadratic) function P approxi- 
mating the data are the components of the matrix prod- 
uct of the appropriate smoothing formula and the data 
vector. Thus, the value of P at the jth point is obtained 
by multiplying each entry in the row of the smoothing 
formula labeled P ( J )  by the component of the data vector 
indicated in the column heading and then summing the 
results. A similar procedure applied to a row of a deriva- 
tive matrix gives the value of the indicated derivative at  
a point, multiplied by a constant depending on the uni- 
form horizontal spacing h and the uniform vertical 
spacing k. 
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When all rows of a derivative formula are the same, 
only the first row is given. The center row of each for- 
mula is offset by extra space, since it is used for compu- 
tations at the important center point of the array. 
IV. Generalizations 
The procedures of the previous sections can be applied 
to similar problems. With the help of the subroutine 
LSQSOL, it is possible to construct smoothing formulas 
and derivative formulas for k-dimensional arrays with 
least squares fitting by linear combinations of arbitrary 
functions Q1,.  .,Qn of a k-dimensional variable x. Also, 
formulas can be developed for arrays of nonuniform 
spacing, such formulas applying to classes of geometri- 
cally similar arrays. The next paragraph indicates briefly 
how these generalizations can be made. 
Let x,, . . . ,x,, be points of a k-dimensional array, listed 
in some convenient order. Suppose we wish to approxi- 
mate data yl, . . . ,ym by values P(xl), . . . ,P(xm) assumed 
by the function of the form 
n 
which minimizes 
As in the previous sections, the vector b of coefficients 
for the appropriate P is given by 
b = A+y 
where A+ is the pseudoinverse of the matrix A = (aij) 
such that aii = Q3(xi) for i = 1,. . . ,m and i = 1, -. . ,n. 
The matrix A+ can be found as in step (2) of Section 11. C 
by using LSQSOL. The smoothing formula which com- 
putes P(xl), . .. ,P(x,) by matrix multiplication with a 
data vector y is just AA+. Partial derivative formulas are 
obtained by multiplying the appropriate formal deriva- 
tive of A with A+. The smoothing formula will be the 
same for any other array of points that is similar to 
the original one, whereas derivative formulas will be 
changed by multiplicative constants depending on the 
spacing. 
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Appendix A 
Smoothing and Derivative Formulas for 
One Independent Variable 
The single variable smoothing formulas given in this appendix are listed 
below with their page numbers. The use of these formulas is expIained in 
Section 1I.D. on page 4. 




































































M = 3 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y t  1) Y t  2 )  Y I  31 
P f  1) 0.8333333 0,3333333 -0.~66666r 
P t  2) 0.3333333 0.3333333 0.3333333 
P( 3) -0.166666r 0.3333333 0.8333333 
M = 3 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AM0 N IS GIVEN BY 
Y (  1) Y l  2) Yt  3) 
H*P'( 1) -0.5000000 0.0000000 0.5000000 
H*P'( 2) -0.5000000 0.0000000 0.5000000 
H*P*I 3) -0.5000000 0.0000000 0.5000000 
M = 3 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  
Y I  1) Y t  2 )  Y l  3) 
H * H * P * ' t  1) -0.0000000 0.0000000 0.0000000 
H*H*P**I 2) -0.0000000 0.0000000 0.0000000 
H*H*P* ' (  3) -0.0000000 0.0000000 0.0000000 
M = 3 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y (  1) Y l  2) Y( 3) 
1.0000000 -0.0000000 0.0000000 
0.0000000 1 .ooooooo 0.0000000 
0.0000000 -0.0000000 1.0000000 
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M = 3 = NUMBER OF POINTS 
N = 2 = OEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
H*P*l  1) 
H*P*I 2 )  
H*P*I 3) 
Y l  1) Y l  2 )  Y( 3 )  
-1.5000000 2.0000000 -0.5000000 
-0.5000000 0.0000000 0.5000000 
0.5000000 -2.0000000 1.5000000 
n = 3 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SECONO DERIVATIVE FORMULA FOR THE ABOVE n AND N IS GIVEN B Y  
Y( 1) Y (  2 )  Y l  3J 
H*H*P"( 1 1  1 .ooooooo -2 .ooooooo 1.0000000 
H*H*P' * I 2 )  1.0000000 -2.0000000 1.0000000 
H*H+P'*I 3 1  1.0000000 -2.0000000 1.0000000 
n = 5 = NUMBER OF POINTS 
N = 1 = OEGREE OF POLY. 
THE SHOOTHING FORMULA FOR THE ABOVE I4 AN0 N I S  GIVEN BY 
Y I  1) Y l  2)  Y l  3)  Y (  4) Y l  5 )  
P t  1) 0.6000000 0.4000000 0.2000000 -0.0000000 -0.2000000 
P( 2 1  0.4000000 0.3000000 0.2000000 0.1000000 -0.0000000 
P I  3 )  0.2000000 0.2000000 0.2000000 0.2000000 0.2000000 
P I  Q) -0.0000000 0.1000000 0.2000000 0.3000000 0.4000000 
P I  5 )  -0.2000000 -0.0000000 0.2000000 0.4000000 0.6000000 
n = 5 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORHULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y( 1) Y l  2 )  Y l  3 )  Y I  4) Y( 5 )  
H*P*l 1) -0.2000000 -0.1000000 -0.0000000 0.1000000 0.2000000 
H*P'I 2 )  -0.2000000 -0.1000000 -0.0000000 0.1000000 0.2000000 
H*Pal 3 )  -0.2000000 -0.1000000 -0.0000000 0.1000000 0.2000000 
H*P'l 6 )  -0.2000000 -0.1000000 -0.0000000 0.1000000 0.2000000 
H*P81 5 )  -0.2000000 -0.1000000 -0.0000000 0.1000000 0.2000000 
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M = 5 = NUMBER OF POINTS 
N = 1 = OEGREE OF POLY. 
THE SECONO DERIVATIVE FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y I  1) Y( 21 Y( 31 
H*H*P'*( 1) -0.0000000 -0.0000000 -0.0000000 
H*H*P'*1 21 -0.0000000 -0.0000000 -0.0000000 
H*H*P**t 31 -0.0000000 -0.0000000 -0.0000000 
H*H*P*'( 4 )  -0.0000000 -0.0000000 -0.0000000 
H*H*P*'( 5 )  -0.0000000 -0.0000000 -0.0000000 
M = 5 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y (  1) Y( 2) Y( 3) 
P( 1) 0.8857143 0.2571429 -0.0857143 
P l  2 )  0.2571429 0.3714286 0.3428571 
0.4857143 P( 3) -0.0857143 0.3428571 
P( 4) -0.1428571 0.1714286 0.3428571 
P( 51 0.0857 143 -0.1428571 -0.0857143 












Y( 4 )  Y (  5 1  
-0.1428571 0.0857143 
0.1 714286 -0.1428571 
0.3428571 -0.0857143 
0.2571429 0.3 71 4286 
0.2571429 0.8857143 
M = 5 = NUMBER OF POINTS 
N = 2 = OEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y I  11 Y (  2) Y (  31 Y t  41 Y( 51 
H*P'4 1) -0.7714286 0.1857143 0.57 14286 0.3857143 -0.3714286 
H*P'( 2 )  -0.4857143 o ,042857 1 0.2857143 0.2428571 -0.0857143 
H*P'( 31 -0.2000000 -0.1000000 0.0000000 0.1000000 0.2000000 
H*P*I 4 )  0.0857143 -0.2428571 -0.2857143 -0.0428571 0 -4857143 
H*P'( 5 )  0.3714286 -0.3857143 -0.5714286 -0.1857143 0.7714286 
M = 5 = NUMBER OF POINTS 
N = 2 = OEGREE OF POLY. 
THE SECONO DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 
Y( 11 Y t  21 Y( 31 Y1 4 )  Y t  5 )  
H*H*P''f 11 0.2857143 -0,1428571 -0.2857143 -0.1428571 0.2857143 
H*H*P**( 21 0.2857 143 -0 (. 1428571 -0.2857143 -0.1428571 0.2857143 
H*H*P*'( 31 0.2857143 -0.1428571 -0.2857163 -0.1428571 0.2857143 
0.2857143 
H*H*P"( 5 )  02857143 -0.1428571 -0.2857143 -0.1428571 0.2857143 
H*H*P"( 41 0.2857143 -0.1428571 -0.2857143 -0.1428571 
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M = 5 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y i  1) Y I  2) Y i  3 )  Y i  4)  Y i  5 )  
P I  1) 0.9857143 0.0571429 -0.0857143 0.0 57 1429 -0.0142857 
0.0571429 P I  2) 0.0571429 0.7714286 0.3428571 -0.2285714 
P I  3 )  -0.0857 143 0.3428571 0- 48571 43 0.3428571 -0.0857143 
P I  4 )  0.0571429 -0.2285714 0.3428571 0.7714286 0,0571429 
P I  5 )  -0.0142857 0.0571429 -0.0857143 0.0571429 0.9857 143 
M = 5 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 




H*P*l  4 )  
H*P'i 51 
Y (  1 )  V I  2) Y l  3)  Y l  4)  Y l  5 )  
-1.4880952 1.6190476 0.5714286 -1.0476190 0.3452381 
-0.4523809 -0.0238095 0.2857143 0.3095238 -0.1190476 
0.0833333 -0.6666667 0.0000000 0.6666667 -0.0833333 
0.1190476 -0.3095238 -0.2857143 0.0238095 0.4523809 
-0.3452381 1.0476190 -0.5714286 -1.6190476 1.6883952 
M = 5 = NUMBER OF PGINTS 
N = 3 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y l  1) Y (  2) Y l  31 Y l  41 Y l  5 1  
H*H*P"I 1 1  1.2857143 -2.1428571 -0.2857143 1.8571429 -0.7142857 
H*H*P**I 2 )  0.7857143 -1.1428571 -0.2857143 0.8571429 -3.2142857 
0.2857143 -0.1428571 -0.2857143 -0.1428571 0,2857143 
H*H*P"I 41 -0.2142857 0.8571429 -0.2857143 -1.1428571 0.7857143 
H*H*P'*I 5 )  -0.7142851 1.8571429 -0.2857143 -2.1428571 1.2857143 
M = 5 = NUMBER OF POINTS 
N = 4 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y (  1) Y I  2) Y i  3) Y i  4) Y l  5 )  
P I  1) 1.0000000 -0.0000000 0.0000000 -0.0000000 0.0000000 
P( 2) 0.0000000 1.0000000 0.0000000 -0.0000000 0 .ooooooo 
P i  3 )  -0.0000000 -0.0000000 1.0000000 0.0000000 -0.0000000 
P( 4 )  0.0000000 -0.0000000 0.0000000 1.0000000 0.0000003 
P I  51 0.0000000 -0.0000000 0.0000000 -0.0000000 1 .ooooooo 
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M = 5 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y (  1 1  Y I  21 Y( 3 1  Y f  41 Y I  5 1  
H*P*( 1 1  -2.0833333 4.0000000 -3.0000000 1.3333333 -0.2500000 
H*P*( 2 1  -0.2500000 -0.8333333 1.5000000 -0.5000000 0.0833333 
H*P* l  31 0.0833333 -0.6666667 -0~0000000 0.6666667 -0.0833333 
H*P'( 4 )  -0.0833333 0.5000000 -1.5000000 0.8333333 0.2500000 
H*P*( 5 1  0.2500000 -1.3333333 3.0000000 -4.0000000 2. 08 33 333 
M = 5 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE SECONO DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y I  1) Y( 2) Y (  3)  Y (  4) Y I  51  
H*H*P** l  1 1  2.9166666 -8.6666666 9.4999999 -4.6666666 0.9166667 
H*H*P**( 2 1  0.9166667 -1.6666667 0.50 0000 0 0.3333333 -0.0833333 
H*H*P"I 31 -0.0833333 1.3333333 -2.5000000 1.3333333 -0.0833333 
H*H*P**I 41 -0.0833333 0.3333333 0.5000000 -1.6666667 0.9166667 
H*H*P**t  5 1  0.9166667 -4.6666666 9.4999999 -8.6666666 2 - 9 1 66666 
M = 7 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  
Y l  1 1  Y l  2 )  Y l  31 
P I  1 1  0.4 642 85 7 0.3571429 0.2500000 
P( 2 1  0.3571429 0.2857143 0.2142857 
P( 31 0.2500000 0 -2 142857 0.1785714 
P( 41  0.1428571 0.1428571 0.1428571 
P( 5 1  0.0 357 143 0.0 71 4286 0.1071429 
P( 61 -0.0714286 -0.0000000 0.0714286 
P I  71 -0.1785714 -0.0714286 0.0357143 
M = 7 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y (  4 )  
0.142857 1 
0.1428571 
0.142 85 71 
0.1428571 
0.142 85 7 1  
0.1428571 
0.1428571 
Y (  1 1  Y l  21 Y( 31 Y I  41 
H*P'( 1 1  -0.1071429 -0.0714286 -0.0357143 0.0000000 
H*P*( 2 1  -0.1071429 -0.0714286 -0.0357143 0.0000000 
H IPa(  31 -0.1071429 -0.0714286 -0.0357143 0.0000000 
H*P*1 41 -0.1071429 -0.0714286 -0.0357143 0.0000000 
H*P'l 5 )  -0.1071429 -0.0714286 -0.0357143 0.0000000 
H*P*( 61 -0.1071429 -0.0714286 -0.0357143 0.0000000 
H*P*( 71 -0.1071429 -0.0714286 -0.0357143 0.0000000 
Y l  51 




























3 - 0714286 
0.0714286 
0.0714286 
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M = 7 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SECONO DERIVATIVE FOHMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  
Y (  1) Y (  21 r( 31 Y l  4) 
H*H*P* * ( 1) -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P' * ( 2) -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P" ( 3 1 -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P*'I 4 )  -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P"( 5 )  -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P"( 6) -0.0000000 -0.0000000 -0.0000000 0.0000000 
H*H*P*'I 7) -0.0000000 -0.0000000 -0.0000000 0.0000000 
M = 7 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN B Y  
Y l  1) Y (  2) Y( 3) 
P (  1) 0.7619048 0.3571429 0.0714286 
P( 2) 0 e 3571 429 0.2857143 0.2142857 
P I  3) 0.0714286 0.2142857 0.2857143 
P( 4 )  -0.095238 1 0.1428571 0.2857143 
P( 5) -0.1428571 0.0714286 0.2142857 
P( 6) -0.0714286 0 .ooooooo 0.0714286 
P( 7) 0.1190476 -0.0714286 -0.1428571 
M = 7 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 





0.2 85 71 43 
0.142 85 7 1 
-0.0952381 
Y (  1) Y (  2) Y (  31 Y l  4 )  
H*P*( 1) -0.4642857 -0.0714286 0.1785714 0.2857143 
0.1904762 H*P*I 2) -0.3452381 -0.0714286 0.1071429 
H*P'( 3) -0.2261905 -0.0714286 0.0357143 0.0952381 
H*P*( 4 )  -0.1071429 -0.0714286 -0.0357143 -0~0000000 
H*P'( 5) 0.0119048 -0.0714286 -0.1071429 -0.0952381 
H*P'l 6) 0.1309524 -0.0714286 -0.1785714 -0.1904762 
H*P'( 7) 0.2500000 -0.071 4286 -0.2500000 -0.2 85 71 43 
M = 7 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SECONO OERiVATIVE FORMULd FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y I  1) Y l  2) Y( 3) Y (  4) 
H*H*P"( 1) 0.1190476 0.0000000 -0.0714286 -0.0952381 
H*H*P"( 2) 0.1190476 0.0000000 -0.0714286 -0.0952381 
H*H*P"( 3) 0.1190476 0.0000000 -0.0714286 -0.0952381 
H*H*P'*( 4 )  0.1190476 0 .OOOOOOO -0.07 14286 -0.0952381 
H*H*P*'( 5) 0.1190476 0.0000000 -0.0714286 -0.0952381 
H*H*P"( 6) 0.2190476 0.0000000 -0.0714286 -0.0952381 
H*H*P'*I 7) 0.1190476 0.0000000 -0.0714286 -0.0952381 














0.2 142 857 
0.0714286 
























Y (  6) 
-0.0714286 
3.0000000 





Y I  6) 
0 07 14286 
3 e 0714286 
3,0716286 









3 e 0000000 
3.0000000 
3*0000000 
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M = 7 = NUMBER OF POINTS 
N = 3 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN B Y  
Y (  1 )  Y (  2 )  Y I  3 )  
P I  1) 0.9285714 0.1904762 -0.0952381 
P i  21  0.1904762 0.4523809 0.3809524 
P( 3 )  -0.095238 1 0.3809524 0.4523809 
P( 4 )  -0.0952381 0.142857 1 0.2857143 
P I  5 )  0.0238095 -0.0952381 0.0476190 
P( 6 )  0.0952381 -0.1666667 -0.0952381 
P( 7 )  -0.0476190 0.0952381 0.0238095 
M = 7 = NUMBER OF POINTS 
N = 3 = OEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y l  41 
-0.0952381 
0.142 85 71 
0.2857143 
0.3333333 
0.2 85 7 143 
0.1428571 
-0.0952381 
Y (  1 )  Y (  2 )  Y(  3 )  Y (  4)  
H*P*( 1) -1.0198413 0.4841270 0.7341270 0.2857143 
H*P'( 2 )  -0.4841270 0.0674603 0.2460317 0.1904762 
H*P'( 3 )  -0,1150794 -0.1825397 -0.0753968 0.095 23 8 1 
H*P' l  4 )  0.0873016 -0.2658730 -0.2301587 -0.0000000 
H I P * (  5 )  0.1230159 -0.1825397 -0.2182540 -0.0952381 
H*P'( 6 )  -0.0079365 0.0674603 -0.0396825 -0.1904762 
H*P*( 7 )  -0.3055555 0.4841270 0.3055556 -0.2857143 
















M = 7 = NUMBER OF POINTS 
N = 3 = OEGREE OF POLY. 
I THE SECOND DERI~ATIVE FORMULA FOR THE ABOVE M ANO,JN IS GIVEN B Y  
I 
Y (  1 )  Y (  21 Y l  3 )  Y (  4 )  Y l  5 1  
H*H*P**( 1 )  0.6190476 -0.5000000 -0.5714286 -0.0952381 0.4285714 
H*H*P'*( 2 )  0.452J809 -0.3333333 -0.4047619 -0.0952381 0.2619048 
H*H+P"l 3 )  0.2857143 -0.1666667 -0.2380952 -0.0952381 0.0952381 
H*H*P'*I 4 )  0.1190476 0 .OOOOOOO -0.07 14286 -0.0952381 -0.0714286 
H*H*P"( 5 )  -0.0476190 0 - 1666667 0.0952381 -0.0952381 -0.2380952 
H*H*Ps*( 6 )  -0.2 142857 0.3333333 0.2619048 -0.0952381 -0.4047619 
H*H*P**( 71 -0.3809524 0.5000000 0.4285714 -0.0952381 -0.5714286 
M = 7 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y (  1 )  Y(  2 )  Y(  3)  
P( 1) 0.9870 130 0.0541125 -0.0757576 
P( 21 0.0541126 0.7705628 0.3354978 - 

























Y (  4) Y l  5 )  Y (  6)  
0216450 0.0432900 -0.041125 
1298701 -0.1406926 0.151515 
3246753 0.0541126 -0.140692 




























P( 4 )  0.0216450 -0.1298701 0.3246753 0.56.70996 0.3246753 -0.1298701 0.0216450 
Pt 5 )  0.0432900 -0.1496926 0.0541126 0.3246753 0.4588745 0.3354978 -0.0757576 
0.0541126 P I  6 1  -0.0411255 0.1515151 -0.1406926 -0.1298701 0.3354978 
Pt  7 )  0.0108225 -0.041 1256 0.0432900 0.0216450 -0.0757576 0.0541125 0.9870130 
307705628 
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M = 7 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y I  1) Y l  21 Y I  3)  Y l  4 )  
H*P'( 1 1  -1.5945 166 1.8250361 0.5425685 -0.8636364 
H*P'( 21  -0.4126984 -0.0992063 0.2698413 0.3333333 
H*P'(  3 )  0- 0569986 -0.5840548 -0.01 80375 0.4393939 
H*P't 4 )  0.0873016 -0.2658730 -0.2301587 0.0000000 
H*P'( 5) -0.0490620 0.2189755 -0.2756133 -0.4393939 
H*P'( 6 )  -0.0793651 0.2341270 -0.0634921 -0.3333333 
H*P'( 71 0.2691 198 -0.8567821 0.4971140 0.8636366 
M = 7 = NUMBER OF POINTS 
N = 4 DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN B Y  
Yt 1 1  Y (  2 )  Yt 3 )  Y t  41 
H*H*P*'( 1 1  1.6287879 -2.8560606 -0.2348485 1.9242424 
H*H*P**( 2 )  0.7803030 -1.0984848 -0.2954545 0.5606061 
H*H*P* ' ( 3 1 0.2045 45 5 0.0227273 -0.2651515 -0.2575758 
H*H*P"t 4 )  -0.0984848 0.5075758 -0.1439394 -0.5303030 
H*H*P'*( 5 )  -0.1287879 0 -3560606 0.0681818 -0.2575758 
H*H*P"( 6 )  0.1136364 -0.4318182 0.3712121 0.5606061 
H*H*P"( 71 0.6287879 -1 -8560606 0.7651515 1.9242424 
M = 7 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y (  1) Y (  2) Y t  31 
P( 1 )  0.9989177 0.0064935 -0.0162337 
P( 2 )  0.0064935 0.9610389 0.0974026 
P( 3 )  -0.0 162338 0.0974026 0.7564935 
P t  4 )  0.0216450 -0.1298701 0.3246753 
P( 5 )  -0.0162338 0.0974026 -0.2435065 
P( 6 1  0.0064935 -0.0389611 0.0974026 
P I  7 1  -0.0010822 0.0064935 -0.0162338 
n = 7 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE IBOVE M AND N I S  GIVEN BY 








Y (  1 1  Y I  2 )  Y( 3 )  Y (  41 
H*Pa( 1 )  -2.0734848 3.7409091 -1.8522727 -0.8636364 
H*P'( 2 )  -0.2666667 -0.6833333 1.0000000 0.3333f33 
W P ' I  3 1  0.0780303 -0.6681818 0.0871212 0.4393939 
H*P't 41 -0.0166667 0.1500000 -0.7500000 0.0000000 
H*P*l  5 )  -0.0280303 0.1348485 -0.1704545 -0.4393939 
H*P*I  6 )  0.0666667 -0.3500000 0.6666667 -0.3333333 
H*P'( 7 1  -0.2098485 1.0590909 -1.8977273 0.8636364 
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M = 7 = NUMBER OF POINTS 
N = 5 = OEGREE OF POLY. 
THE SECDNO DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y I  1) Y I  2)  Y t  3 )  Y t  4 )  
H*H*P'* I 1 ) 3.0037878 -8.3560605 6.6401514 1.9242424 
H*H*P*'I 2 )  0.8636364 -1.4318182 0.1212121 0.5606061 
H*H*P"I 3 )  -0.0037879 0.8560606 -1.3068182 -0.2575758 
H*H*P"I 4 )  -0.0984848 0.5075758 -0.1439394 -0.5303030 
H*H*P"I 5 )  0.0795455 -0.4772727 1- 1098485 -0.2575758 
H*H*P*Ot 61 0.0303030 -0.0984849 -0.0454545 0 5 60 606 1 
-0.7462121 3.6439394 -6.1098484 1.9242424 lf*H*P"'I 7 )  
M = 7 = NUMBER OF POINTS 
N = 6 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 







6 -6401 5 1  4 
Y (  1) Y f  2)  Y I  3 )  Y (  4 )  Y I  5 )  
P I  1 1  1.0000000 0.0000000 -0.0000000 0.0000000 0.00000 
P I  2 )  -0.0000000 1.0000000 -0.0000000 0.0000000 D.OOOOO 
P I  3 )  -0.0000000 0.0000000 1.0000000 0.0000000 0.00000 






-1.43 18 182 
-8.3560605 
Y (  6 )  








Y I  7 )  
0 0.0000000 ~ 000000 
0 -3.0000000 -0.000000 
D -0.0000000 -0.000000 
P I  4) 0.0000000 -0.0000000 0.0000000 1.0000000 -0.0000000 -0.0000000 0.0000000 
P I  5 )  -0.0000000 -0.0000000 0.0000000 0.0000000 1.0000000 0.0000000 -0.0000000 
1.0000000 -0.0000000 P I  6 )  -0.0000000 -0.0000000 -0.0000000 0.0000000 0.0000000 
P I  7 1  -0.0000000 0.0000000 -0.0000000 0.0000000 0.0000001 3.0000000 1.0000000 
M = 7 = NUMBER OF POINTS 
N = 6 = OEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 
Y I  1) Y I  2)  Y t  3 1  Y t  41 
H*P*I 1) -2.4500000 5.9999999 -7.4999999 6.6666666 
H*P'I 2 )  -0.1666667 -1.2833333 2- 5000000 -1 -6666667 
H*P'I 3 )  0.0333333 -0.4000000 -0.5833333 1.3333333 
H*PQI 4 )  -0.0 166667 0.1500000 -0.7500000 0.0000000 
H*PII 5 1  0.0 166667 -0.1333333 0.5000000 -1.3333333 
H*P'( 6 )  -0.0333333 0.2500000 -0.8333333 1.6666667 
H*P'I 7 )  0- 1666667 -1~2000000  3.7500000 -6.6666666 
M = 7 = NUMBER OF POINTS 
N = 6 = OEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  
Y I  1 1  Y (  21 Y I  3) Y I  4 )  
H*H*P"I 1) 4.5111110 -17.3999999 29.2499998 -28.2222221 
H*H*P"I 2 )  0.7611111 -0.8166667 -1.4166667 2.6111111 
H*H*PQ'( 3 )  -0.0722222 1.2666667 -2.3333333 1.1111111 
H*H*PQ'I 4 )  0.0 11 111 1 -0.1500000 1.5000000 -2.7222222 
H*H*P"( 5 )  0.0111111 -0.0666667 0.0833333 1.1111111 
H+H*P"I 6)  -0.0 722222 0.5 166667 - 1.5833333 2.6111111 
H*H*P"I 7 )  0.7611111 -5.4000000 16.4999998 -28.2222221 








































Y I  7 )  
0.7611111 
-0.0722222 
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W = 9 = NUW8ER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SMOOTHING FORWULA FOR THE ABOVE W AND N IS G I V E N  BY 








































Y( 3) Y l  4) 
0.2444446 0.1777778 
0.211111 1 0.1611111 
0.17mr8 0.1444444 
0.1444444 0.1277778 
0.111111 1 0.1 111111 
0.0177778 0.0944444 
0.9444444 0.0777778 
0.0111111 0.061 11 11 
-0.02 22 22 2 0.0444444 
W = 9 = NUH8ER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE F I R S T  O E R I V A T I V E  FORWULA FOR THE ABOVE W AN0 N I S  G I V E N  BY 
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M = 9 = NUMBER OF POINTS 
N = 1 = OEGREE OF POLY. 
THE SECOND DERIVATIVE FORHULA FOR THE ABOVE M AN0 N IS GIVEN BY 
H*H*P"( 1 )  
H*H*P" ( 2 )  
H*H*P' a ( 3 ) 
H*H*P"( 41 
H*H*P**( 5 )  
H*H*P"( 61 
H*H*P"( 8 )  
H*H*P"( 9 )  
H * H * P * ~ (  7 )  








































Y I  3 )  
-0.000000 0 
-0.0000000 






M = 9 = NUMBER OF POINTS 
N = 2 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 






- 0 . i 2 n n r  
0 . 1 2 n n t  
-0.1030303 
-0.0 181818 




















Y (  91 
o . i z n r 2 r  
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H = 9 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE FIRST O E R I V A T I V E  FORMULA FOR THE ABOVE H AN0 N IS GIVEN BY 
H * P * l  1) 
H*P' (  21 
H + P ' I  3) 
H*P' (  4 )  
H * P ' (  5 1  




























































M = 9 = NUH8ER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SECOND D E R I V A T I V E  FORMULA FOR THE ABOVE M AND N IS GIVEN BY 



























































Y l  51 
0.1731602 
0.1298701 
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M = 9 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE H AN0 N IS GIVEN BY 


















































M = 9 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
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M = 9 = NUMBER OF POINTS 
N = 3 = OEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE I4 AN0 N I S  GIVEN B Y  








































H = 9 = NUMBER OF POINTS 
N = 4 = OEGREE OF POLY- 
THE SMOOTHING FORMULA FOR THE ABOVE M AND N IS GIVEN BY 









0.0 27 195 0 

















































0.145 02 16 






































































JPL TECHNICAL REPORT 32- 13 12 21 
M = 9 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 







-0 - 0853406 
-0.0255 115 
0.2573167 





































0.0422 81 8 
0.0508288 
-0.1057369 
M = 9 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  


















0.1550 11 7 
0.4269619 















































0.0 9382 2 8 
0.2966200 
0.5623543 
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M = 9 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE PI AN0 N IS GIVEN BY 










Yt 8 )  


















0 -027972 1 


















0.1083916 - 0.03 0303 0 
M = 9 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  
Y I  4) 
0.0 186480 
-0-1241259 
































































0.0 74 12 59 
0.2160256 
-0.6385781 
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M = 9 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE SECOND D E R I V A T I V E  FORMULA FOR THE ABOVE M AN0 N IS G I V E N  BY 
Y l  1) 
H * H * P * * (  1) 2.001 1655 
H*H*P ' *  I 2 1 0.7972028 
H * H * P * * L  3 )  0.1526807 
H * H * P " I  41 -0.086247 1 
H * H * P v ' (  5 )  -0.0734266 
H*H*P"( 6 1  0.0372960 
H * H * P * ' (  7)  0.0920746 
H * H * P ' * (  8 )  -0,0629371 
H * H * P " l  9 1  -0.5815851 
Y( 8) 
H*H*P" ( 1 ) 1.9562937 
H * H * P * ' l  21  0.2607809 
H * H * P * ' (  3 )  -0.3123543 
H * H * P e a I  4 )  -0 -  186188 8 
H * H * P a * (  5 )  0.2162005 
H*H*P' * l 6 )  0.4717366 
H * H * P * * (  7 )  0.1573426 
H * H * P * * (  8) -1.1500583 
H*H*P' * I 9 ) -3.8735431 
M = 9 = NUMBER OF POINTS 
N = 6 = DEGREE OF POLY. 






























THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS G I V E N  BY 






























Y (  31 









Y l  41 
2.4679487 
0.5142774 



























Y (  51 
-0,0054393 
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M = 9 = NUMBER OF POINTS 
N = 6 = DEGREE OF POLY. 
THE F I R S T  O E R I V A T I V E  FORMULA FOR THE ABOVE M AN0 N IS G I V E N  BY 




























































M = 9 = NUMBER OF POINTS 
N = 6 = DEGREE OF POLY. 
THE SECOND D E R I V A T I V E  FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y t  1) 
3.234431 5 
0.8 355 193 





-0- 0 246 206 
0.6516809 






































































Y t  6 )  
0.5387801 
-0.1865812 
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M = 9 = NUMBER OF POINTS 
N = 7 = DEGREE OF POLY. 
THE SMOOTHING ICORHULA FOR THE ABOVE M AN0 N I S  G I V E N  B Y  


















































N = 9 = NUMBER OF POINTS 
N = 7 = DEGREE OF POLY. 
THE F I R S T  D E R I V A T I V E  FORMULA FOR THE ABOVE M AN0 N I S  G I V E N  BY 









-01 1466 539 



































































Y( 5 )  
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M = 9 = NUMBER OF POINTS 
N = 7 = OEGREE OF POLY, 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y l  1) 
H*H*P"I 1) 4.5486 117 
H*H*P"I 21  0.7554494 
H*H*P"( 3 )  -0.056730 1 
H*H*P"I 4 )  -0.0129267 
H*H*P" ( 5 1 0.0285263 
H*H*P"( 6 )  -0.0 24037 8 
H*H*P' * ( 7 )  0.0043810 
H*H*P'*( 8 )  0.0554494 
H*H*P"I 9 )  -0.6624993 
Y I  8 )  
H*H*P"( 1) 4.5999946 
H*H*P' * ( 2 )  -0.3824839 
H*H*P"( 3 )  -0.0461 590 
H*H*P"l 4 )  0.1923025 
H*H*P@*( 5 1  -0.2 170992 
H*H*P''( 6)  0.0423025 
H*H*P'aI 71 1.1538410 
H*H*PO e ( 8 )  -0.8324838 
H*H*P"( 9 )  -17.0000048 






















-1.1474178 - 1.977332 3 
0.0269412 





M = 9 = NUMBER OF POINTS 
N = 8 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 









0.0 000 000 
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H = 9 = NUMBER OF POINTS 
N = 8 = DEGREE OF POLY. 





















M = 9 -0 NUMBER OF POINTS 
N = 8 = OEGREE OF POLY. 



















































































































































0.9500000 - 3.4999999 
14.000000 1 










2% JPL T E C N N K A L  REPORT 32-1 3 I 2  
M = 11 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 












Y (  1) 
0.3181818 





















































































































M = 11 = NUMBER OF POINTS 
N = 1 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AND N IS GIVEN BY 
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M = 11 = NUMBER OF POINTS 
N = 1 0 DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N I S  GIVEN B Y  
Y l  1) 
H*H*P**(  1 )  -0.0000000 
H*H*Pa'(  2)  -0.0000000 
H*H*P**( 3 1  -0.0000000 
H*H*P'a( 4 )  -0.0000000 
H*H*P**( 5 )  -0.0000000 
H*H*P"( 6 )  -0.0000000 
H*H*P"( 7 )  -0.0000000 
H*H*P*'( 8)  -0.0000000 
H*H*P*'( 9 )  -0.0000000 
H*H*P'* (10)  -0.0000000 
H * H * P ' ~ ( l l I  -0.0000000 
Y (  8 )  
H*H*P' * ( 1 J 0.0000000 
H*H*P"( 2 )  0.0000000 
H*H*P"( 3 )  0.0000000 
H*H*P"( 4 )  0.0000000 
H*H*P"( 5 )  o*ooooooo 
H*H*P"( 6 1  0.0000000 
H*H*P''( 7 )  0.0000000 
H*H*P"( 8 )  0.0000000 
H*H*P"( 9 )  0.0000000 
H*H*P"(lOI 0.0000000 
H*H*P* * ( 11 1 0.0000000 
















































M = 11 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 






























































































Y (  4) 
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M = 11 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 
H*P'1 1 1  
H*P'l 2 )  
H*P*( 3 1  
H*P'( 4) 
H*P'l 5 )  
H*Po( 6 )  
H*POl  7 )  
H*P'( 8 )  
H*P'I 9 1  
H*P* ( 10 1 
H*PO ( 11 
H*P*( 1 )  
H*P*( 21  
H*P'l 31 
H*P'( 41 
H * P * (  5)  
HIP'( 6 )  
H*P'( 7 )  
H*P'l 8 )  
H*P'( 9 )  
H*P' l lO)  
H * P ' ( l l I  




























































Y ( 1 0 )  
-0.0335664 






















M = 11 = NUMBER OF POINTS 
N = 2 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 












H*H*P"( 1 1  
H*H*P' ' I 21 
H*H*P'al 3 )  
H*H*P"I 41  
H*H*P"I 5 )  
H*H*P" I 6 I 
H*H*Poa1 7 )  
H*H*P*'( 8 1  
H*H*P'*I 9 )  
H*H*P' * ( 10 I 
H*H*Poo(11) 
H*H*P* * 1 1 1  
H*H*P"( 2 )  
H*H*P**( 3 )  
H*H*P"l 41 
H*H*P'*I 5 )  
H*H*P'*( 61  
H*H*P**( 7 )  
H*H*P"( 8 )  
H*ti*P' ' ( 9 1  
H*H*P' ' I 1 0  1 
H*H*P' * t 11 1 



















-0.0 139 860 
-0.0139860 
-0.0 139 860 
-0.0 139 860 
-0.0 139860 
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M = 11 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 


































-0 -055944 1 
-0.0209790 
0.0559441 




























-0.05 5944 1 






0.33 5664 3 
M = 11 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 
THE F I R S T  D E R I V A T I V E  FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 












Y (  8 )  
-0.1674437 
-0.0608003 






































































































0.203 962 7 
0.3613054 
0.55361 30 
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M = 11 = NUMBER OF POINTS 
N = 3 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 
















































H*H*P'*( 1 1  0.2097902 
H*H*P**( 2 1  0.1748252 
H*H*Ps'I 3 )  0.139860 1 
H*H*P**I 4 )  0.1048951 
H*H*P**( 5 1  0.0699301 
H*H*P'*( 6 1  0.0349650 
H*H*P"( 7 1  -0.0000000 
H*H*P* ' ( 8 1  -0.0349650 
H*H*P* * I 9 1  -0.0699301 
H*H*P"(lO) -0.1048951 













































Y (  88 
H*H*P**I  1 )  0.1200466 
H*H*P"( 2 )  0.0932401 
H*H*P* * I 3 )  0.0664336 
H*H*P**(  4 )  0.0396 270 
H*H*P**I  5) 0.0 128205 
H*H*P**( 6 )  -0.0139860 
H*H*P" I 7 1 -0.0407925 
H*H*P*'( 8 )  -0.0675991 
H*H*P* ( 9 )  -0.0944056 
H*H*P' * I10 I -0.1212121 
H*H*P* ' ( l l )  -0.1480186 


































M = 11 = NUMBER OF POINTS 
N = 4 = DEGREE OF POLY. 
THE SMOOTHING FORMULk FOR THE ABOVE M AN0 N IS GIVEN BY 




































Y l  6 )  
P( 1) 
P I  21  
P( 31 
P I  41 
P( 5 1  
P( 6 )  
P( 71 
P I  8 )  
P( 91 
P(101 
P ( 1 1 )  
P( 1 1  
PI 2 )  
P( 3 )  
P( 4 1  
P I  51 
PL 6 )  
P (  7 1  
PI 8 )  
P I  9 1  
PI101 
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M = 11 = NUMBER OF POINTS 
N = 4 = OEGREE OF POLY. 
THE FIRST OERIVATIVE FORMULA FOR THE ABOVE M AN0 N I5 GIVEN BY 












Y (  3 )  
0.6658897 

































Y (  6 )  
-0.3205128 

















































0- 0848 873 

















0.0 046 6 2 0 






7 )  0.08372 18 
8 )  0.0359363 
9 )  -0.0526418 
10 1 -0.1890054 













0.13053 6 1 
0.4592075 
0.9906760 
M = 11 = NUMBER OF POINTS 
N = 4 = OEGREE OF POLY. 
THE SECOND OERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
































































































Y t lO)  






















0 64685 3 1 
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H = 11 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y (  1 J  







































































M = 11 = NUMBER OF POINTS 
N = 5 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE H AN0 N IS GIVEN B Y  





W P '  
H*P'  
H*P' 
















-0.0 178 322 
0.1494172 
0.2 199 301 
0.1482517 
-0.0341492 
-0.2 18881 1 
-0.2206294 
0.2228438 














































0.0066434 - 1.30 19231 















































1.442 9 1  96 
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M = 11 = NUMBER OF POINTS 
N = 5 = OEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 
Y i  1) Y (  2) Y(  3 )  Y( 4) 











Y (  5 )  
1.1824009 
0.4125874 
-0.02 1561 8 
-0.1969697 
-0.1905594 



























































































































M = 11 = NUMBER OF POINTS 
N = 6 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N I S  GIVEN BY 




0.0 201 563 
0.0259153 






Y i  2)  
























































0.065 07 6 1 
-0.035 1296 
0.0061703 
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M = 11 = NUM8ER OF POINTS 
N = 6 = OEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AND N IS GIVEN 8 r  






























































































-0 - 4490 78 5 
1.1958385 




































M = 11 = NUMBER OF POINTS 
N = 6 = OEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AND N I S  GIVEN B Y  
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M = 11 = NUMBER OF POINTS 
N = 7 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN B Y  












Yt 8 )  



























































M = 11 = NUMBER OF POINTS 
N = 7 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
H*P'( 1) 
H*P'( 2 )  
H*P' l  3 )  
H*P'( 41 
H*P'( 51 
H*P'( 6 1  
HIP ' (  7 )  
H*P'( 8 )  
H*P'( 91 
H*P' ( 10 1 
H*P' (11 ) 























I. 059607 1 
























Y I  3 )  
-2.2149821 





































0.00822 7 1 
0.0057589 






Y l  4 )  
-1.0596071 


















































































Y I  7 )  









0.5029425 - 1.5885644 
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M = 11 = NUMBER OF POINTS 
N = 7 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 








-0.1425170 - 1.1441 76 1 
-0.0542817 
0.5609898 




















































































0.2 36079 3 
Y t  9 )  
-5.6321098 






















Y l l l t  











6 )  0.2018662 
7 )  -0.0880031 
8 )  -0.4050971 
9 )  -0.3680433 
101 0.4986485 







M = 11 = NUMBER OF POINTS 
N = 8 = DEGREE OF POLY. 
THE SMOOTHING FDRMULA FOR THE ABOVE M AND N I S  GIVEN 8 r  
Y I  1) 
0.999891 7 
0.0008768 
-0.0030 20 2 
0.0055857 
-0.0054556 




























































P (  1 )  
P I  2 )  
P (  3 )  
P I  4 )  
P I  5 )  
P I  6 )  
P I  7 1  
P( 8 )  
Pf 9 )  
P110) 
PI111 
P( 1 )  
P I  2 )  
P I  3 )  
P( 4 )  
P( 5) 
P I  6 )  
P I  7 )  
P I  81 
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H = 11 = NUMBER OF POINTS 
N = 8 = DEGREE OF POLY. 
THE FIRST DERIVATIVE FORMULA FOR THE ABOVE M AND N IS GIVEN BY 
























Yl 5 )  
-9.2810729 
0.4834835 































































-0.3 39 13 5 R 
0.7638116 
-3.2670031 
Y (  8 )  
3.267003 1 
-0.7638116 









Y (  9 )  
-2.60742 14 
0.5747382 

































M = 11 = NUMBER OF POINTS 
N = 8 = DEGREE OF POLY. 
THE SECOND DERIVATIVE FORMULA FOR THE ABOVE H AN0 N IS GIVEN B Y  
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M = 11 = NUMBER OF POINTS 
N = 9 = OEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
























Y (  5) 
-0 .DO11363 
0.0 113664 
.O. 0 5 1 1 48 6 
0.1363961 



























































































































M = 11 = NUMBER OF POINTS 
N = 9 = DEGREE OF POLY. 
THE FIRST OERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 












Y( 3 )  









0.61 1617 1 
-3.9501778 
Y f  4) 
14.4661897 
-2.6547361 









Y t  71 
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M = 11 = NUMBER OF POINTS 
N = 9 = DEGREE OF POLY. 
THE SECONO DERIVATIVE FORMULA FOR THE ABOVE M AN0 N IS GIVEN BY 
Y l  1) Y (  2 )  Y l  3 )  Y l  4 )  Y( 5 )  Y (  6 )  Y l  7 )  
H*H*P"I 1) 5.8806950 -27.0954416 57.6259131 -69.8437166 40.1292782 14.3148669 -47.8012781 
H*H*P"I 2 )  0.6493682 -0.0303883 -3.6998609 5.9186738 -3.3882357 -1.1657834 3,8673193 
H*H*P"I 3 )  -0.0502334 1.1063027 -1.8368943 0.2 851 568 0.8176421 -0.2633927 -0.2740246 
H*H*P"I 4 )  0.0047917 -0.0921628 1.2620538 -2.1424611 0.5729182 0.8674982 -0.7659707 
H*H*P"( 5 )  0.0049664 -0.0421247 0.1038468 0.7897419 -1.4292705 -0.1015420 1.2179517 
H*H*P'*l 6 )  -0.0077931 0.0761453 -0.3252925 0.7351716 -0.0365504 -3.8833618 -0.0365504 
H*H*P"I 7 )  0.0067522 -0,0675225 0.3020611 -0.7848613 1.2179517 -0.1015420 -1.4292705 
H*H*P"I 8 )  -0.0027480 0.0292658 -0.1415175 0.4083325 -0.7659707 3.8674982 0.5729182 
0.81 76421 H*H*P*'I 9 )  -0.0059874 0.0523345 -0.1922512 0.3613474 -0.2740246 -0.2633927 
H*H*P' * I 1 0  ) 0.0453999 -0,4097534 1.592997 7 -3.3 7973 76 3.8673193 -1,1657834 -3.3882357 










































0.6 493 6 82 
5.8836950 
M = 11 = NUMBER OF POINTS 
N = 10 = DEGREE OF POLY. 
THE SMOOTHING FORMULA FOR THE ABOVE M AND N I S  GIVEN BY 
Y l  1) Y I  21 Y l  3 )  Y l  4) Y I  5 )  Y l  6 )  Y (  7 )  
P I  1) 1.0000000 0.0000003 -0~0000005  -0.0000029 0.0000025 -3.0000000 0.0000016 
0.0000002 P I  2 )  -0.0000000 1.0000001 -0.0000001 -0.0000002 
Pt 3 )  -0.0000000 0.0000000 1.0000000 0.0000001 -0.0000000 -3.0000000 -0.0000000 
P( 4) 0.0000000 0.0000000 -0.0000000 1.0000000 -0.0000000 -0.0000000 -0.0000000 
0.0000000 P I  5 )  0.0000000 0 .ooooooo -0.0000000 0.0000000 1.0000000 -0.0000000 
P( 6 )  0.0000000 -0.0000000 o*ooooooo -0.0000000 -0.0000000 1.0000000 -0.0000000 
P( 7 )  -0.0000000 -0.0000000 0.0000000 -0.0000000 0.0000000 -0.0000000 1.0000000 
P I  8 1  -0.0000000 -0.0000000 0.0000000 -0.0000000 -0.0000003 -3.0000000 -0.0000000 
P I  9 )  -0.0000000 -0.0000000 0.0000001 0.0000000 -0.0000000 -0.0000000 -0.0000000 
PI10)  -0.0000000 -0.0000000 0.0000004 -0.0000001 0.0000002 0.0000002 0.0000003 
PI111 -0.0000000 0.0000000 0.0000021 -0.0000013 0.0000016 -0.0000000 0.0000025 
3.0000002 0.0000003 
Y l  8 )  Y (  9)  Y I I O )  Y(11) 
P I  1) -0.0000013 0.0000021 0.0000000 -0.0000000 
P I  2 )  -0.000000 1 0.0000004 -0~0000000 -0.0000000 
P( 3 )  0.0000000 0.0000001 -0.0000000 -0.0000000 
P I  4 )  -0.0000000 0.0000000 -0.0000000 -0.0000000 
P( 5 1  -0.0000000 0.0000000 -0.0000000 -0.0000000 
P I  6 )  0.0000000 0.0000000 -0.0000000 0.0000000 
P( 7 )  0.0000000 -0.0000000 0.0000000 0.0000000 
P( 8 )  1.0000000 -0.0000000 0.0000000 0.0000000 
P I  9 )  0.0000001 1 .ooooooo 0.0000000 -0.0000000 
P(10) -0.0000002 -0.0000001 1.0000001 -0.0000000 
PI111 -0.0000029 -0.0000005 0.0000003 1.0000000 
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H = 11 = NUMBER OF POINTS 
N = 10 = OEGREE OF POLY. 
THE FIRST OERIVATIVE FORMULA FOR THE ABOVE H AM0 N IS GIVEN BY 








-0.00 11 905 
0-0027778 
-0.0 111 11 1 
0.0999999 









































































-0.2 500 000 
0.1904762 






Y (  9 )  
-5.6250032 


































M = 11 = NUMBER OF POINTS 
N = 10 = OEGREE OF POLY. 
THE SECOND O E R I V A T I V E  FORMULA FOR THE ABOVE M AND N I S  GIVEN B Y  









0.0060 7 14 
-0.0381746 
0.5657935 
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Appendix B 
Smoothing and Derivative Formulas for 
Two Independent Variables 
See Section 1II.D. on the use of this appendix. 
Grid size Degree of bivariate smoothing polynomial Page 
3 x 3  
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3 X 3 ARRAY 
L I N E A R  F I T T I V G  
SMOOTHING F3RMULA 
Y I  1) 
P I  1) 0.44444 
P I  2) 0.27777 
P I  3) 0.11111 
P I  4 )  0.27777 
P I  5) 
P I  6) 
P I  7 )  
P (  0 )  
P I  9 )  
P I  1) 
P I  2) 
P I  3) 
PI 4) 
P I  5) 
P I  6) 
P t  7 )  
P I  8)  


















































Y( 4 )  
0.2777776 
0.1111111 





































3 X 3 ARRAY 
L I N E A R  F I T T I V G  
DERIV. FJRMULA ( F I R S T  P A R T I A L  W.R.T.*X). ONLY ONE ROH IS GIVEN. 
Y l  1) Y I  21 Y l  3) Y l  41 Y i  5) Y l  6) Y l  7) 
H*DX( 1) -0.1666667 -0~0000000 0.1666667 -0.1666661 -0.0000000 0.1666667 -0.1666667 
Y l  8) Y l  9) 
H + O X l  1) ;0*0000000 O.lbb6667 
3 X 3 ARRAY 
L I N E A R  FITTIVG 
OERIV. FORMULA ( F I R S T  P A R T I A L  H.R.T. Y). ONLY ONE RON IS GIVEN.  
Y l  1) Y l  2) Y( 3) Y l  4 )  Y l  5) Y l  6) Y l  71 
K * O Y l  1) 0.1666667 0.1666667 0.1666667 -0~0000000 0.0000000 -0.0000000 -0.1666667 
Y l  01 Y l  9) 
K * D Y l  1) -0.1666667 -0.1666667 
"W.R.T.: with respect to 
JPL TECHNICAL REPORT 32-1 3 1 2 45 
3 X 3 ARRAY 
QUADRATIC F I T T I Y G  
SMOOTHING FDRMULA 
Y( 1) 
P I  11 0.8055555 
P I  2) 0.2222222 
P I  3) -0.0277778 
P (  4) 0.2222222 
P I  5) -0.111111~ 
P I  6) -0.1111111 
P I  71 -0.0277778 
P I  8 )  -0.1111111 
P I  9) 0.1388889 
Y l  8) 
P I  1) -0.1111111 
P I  2) 0.2222222 
P I  3) -0.1111111 
P I  4) -0.1111111 
P I  5) 0.2222222 
P I  6) -0.1111111 
P (  7) 0.2222222 
P I  8 )  0.5555556 
Pf 9) 0.2222222 




















3 X 3 ARSAY 
QUADRATIC F I T T I Y G  














H*DXI 5 )  
H*OXl 6) 
H*DXI 7) 
H*DXI 8 )  
H*DX( 9) 









0.41 6666 7 
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3 X 3 ARkAY 
Q U A D R A T I C  F I T T I V G  
OERIV. FJRMULA ( F I R S T  P A R T I A L  H.R.T. Y)  
K*OY(  1) 
K * O V I  2) 
K*OVL 3) 
K * O Y I  4) 
K*OYL 5) 
K * O Y l  6) 
K*DY(  7) 
K*OV( 8) 
K+OY( 9 )  
K*OY(  1) 
K * O V l  2) 
K*OY( 3) 
K*OY( 4) 
K*DY(  5) 
K*OY( 6) 
K*OY( 7) 
K*DY(  8 )  
K*OY(  9) 




















Y (  21 Y (  3) 








































































3 X 3 ARRAY 
Q U A D R A T I C  F I T T I Y G  
OERIV.  FJRMULA (SECOND P A R T I A L  W.R.T. X 4NO X ) .  ONLY ONE ROW I S  GIVEN.  
H*H*DXX( 1) 0.3333333 -0.6666667 0.3333333 013333333 -0.6666667 , 0.3333333 0.3333333 
H*H*OXKl 1) -0.6666667 0.3333333 
3 X 3 ARRAY 
Q U A D R A T I C  F I T T I Y G  
OERIV. F J R M U L A  1SECONJ P A R T I A L  H.R.T. X 4NO Y). ONLY ONE ROW IS G I V E N .  
H*K*DXVl  1) -0.2500000 -0.0000000 0.2500000 -0.0000000 0.0000000 -0.0000000 0.2500000 
Y (  8) Y (  9) 
H*K*OXY1 1) -0.0000000 -0.2500000 
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3 X 3 ARRAY 
QUADRATIC F I T T I N G  




Y l  1) Y (  2 )  Y l  3) Y i  4) Y l  5) Y l  6 )  
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3 X 5 ARRAY 
LINEAR FITTIVG 
SMOOTHING FJRMULA 
Y l  11 
P( 1) 0.3000000 
P( 2) 0.2333333 
P( 3) 0.166666; 
PI 41 0.1000000 
P( 5 )  0.0333333 
P (  6 )  0.2000000 










P (  1) 0.0666667 
P( 2 )  0.0666667 
P(  31 0.0666667 
P (  4) 0.0666667 
P (  5 )  0.0666667 
P I  6 )  0 -0666667 
P (  7) 0.0666667 
P( 8) 
P (  9) 
P4 10) 
P(111 
P (  121 
P I  13)  
P (  14) 






































































































-0 -0 3 33333 
-0.0000000 
0.0333333 
Y (  119  
0.1000000 













0 -0 3 33333 
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3 X 5 ARlAY 
LIlvEAR F I T T I V G  
DERIV.  FJRMULA ( F I R S T  PARTIAL W.R.T. X ) .  ONLY ONE ROW IS GIVEN. 
Y7 1) Y (  2 )  Y (  3 )  Y (  4) Y (  5 )  Y I  6 )  Y (  7 )  
H*OX(  1) -0.0666667 -0.0333333 -0.0000000 0.0333333 0.0666667 -0.0666667 -0.0333333 
Y i  8 )  Y (  9 )  Y ( 1 0 )  Y i 1 1 )  Y f  12) Y(13) Y ( 1 4 1  
H*OX( 1) -0.0000000 0.0333333 0.0666667 -0.0666667 -0.0333333 -0.0000000 9.0333333 
Y ( 1 5 )  
H*OX( 1) 0.0 666667 
3 X 5 AR3AY 
L INEAR F I T T I V G  
OERIV. FJRMULA ( F I R S T  PARTIAL W.R.T. Y ) .  ONLY ONE ROW IS GIVEN. 
K*OY(  11 0.1000000 0.1000000 0.1000000 0.1000000 0.1000000 -0.0000000 0.0000000 
K*OY( 1) 0.0000000 0.0000000 0.0000000 -0.1000000 -0.1000000 -0.1000000 -0.1000000 
K * O Y (  1) -0*1000000 
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PI 1) 0.62 8571 4 
P( 21 0 -3 190476 
P( 3) 0.1047619 
Pf 4) -0,0142857 
P( 5) -0.0380952 
PI 6) 0.2285714 










P( 1) -0.0952381 
P( 21 0.0476190 
P( 3) 0.0952381 
PI 4) 0.0476190 
P( 5) -0.0952381 
PI 6) 0.1047619 
P(  71 0.2476190 
P( 8) 0.2952381 
P( 9) 0.2476190 
PI10) 0.1047619 
PI 11) -0.0952381 
Pl12) 0.0476190 
P(13) 0.0952381 
PI 14) 0.0476190 
































































































Y I  4) 
-0 -0 142857 
0.1404762 
0.24 761 90 
0.3071429 
0 -3 190476 










Y l 1 1 l  
0.0285714 
-0.0809526 
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3 K 5 ARRAY 
QUADRATIC F I T T I N G  













H*OX ( 13 1 
H*DX( 14) 















H*OX( 15)  






H*OX( 7)  
H*OX( 8)  




H I O X (  13)  
H*DX( 14)  
H*OX( 15) 













0.0 33333 3 
0.1285714 
0.2238095 





























































































0 ~ 1 6 1 9 0 4 8  
0.2571429 































0 -0  238095 
Y (  5) 
-0,0238095 



























-0 -083 3333 
-0.1309524 
-0.1785714 
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3 X 5 ARRAY 
QUADRATIC FITTIVG 









Yt 1) Y (  2) 
1) 0.5000000 
2) 0*4000000 
31 0.3 000000 
4) 0.2000000 
5 )  0.1000000 
6 )  0.3000000 
7 )  0.2000000 









K*OY( 9) -0*0000000 0.0500000 
K*OY ( 101 -0.1000000 0.0000000 
K*OY( 11) 0.1000000 0.0000000 
K*OYl12) -0.0000000 -0.0500000 
K*OY ( 13) -0.1000000 -0.1000000 
K*OY ( 14) -0.2000000 -0.1500000 
K*OY( 15) -0~3000000 -0.2000000 
Y( 8 )  Y (  9) 
K*OY( 1) -0-4000000 -0.4000000 
K*OY( 2) -0.4000000 -0.4000000 
K*DY( 3)  -0.4000000 -0.4000000 
K+OY( 4 )  -0.4000000 -0.4000000 
K*OY( 5) -0.4000000 -0.4000000 
K*OY( 6 )  0 .ooooooo 0.0000000 
K*DY( 7) -0.0000000 0.0000000 





K*OY ( 13 )  
K*OY ( 14) 
K*OY ( 15) 
K*OY( 1) 
K*OY( 2) 
K*OY( 3 )  
K*OY( 4) 
K * O Y (  5) 
K*DYI  6 )  
K*DY( 7 )  
K*DY( 8 )  
K*OY( 9) 




K*DY ( 14)  











































































0.2 0 00000 
-0.2000000 
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3 X 5 ARRAY 
QUbDRATIC FITTIVG 
DERIV. F3RHULA (SECOND PARTIAL W.R.T. X PNO X I .  ONLY DNE ROW IS GIVEN. 
H*H*DXXI 1) 0.0952381 -0.0476190 -0.0952381 -0.0476190 0 -095238 1 0,0952381 -0.0476190 
H*H*DXXI 1) -0.0952381 -0.0476190 0. Q952381 0.0952381 -0.0476190 -0.0952381 -0.0476190 
H*H*DXX( 1) 0.0952381 
3 X 5 ARRAY 
QUADRATIC FITTING 
DERIV. F3RHULA (SECOND PARTIAL W.R.T. X 4N0 Y1. ONLY DNE ROW I S  GIVEN. 
H*K*DXY( 1) -0~1000000  -0~0500000 -0~0000000 -0500000 0.1000000 -0.0000000 0.0000000 
Y (  8 )  Y( 9) YI10)  Y ( 1 1 )  Y(12) y113) Y (  14)  
H*K*DXY( 1) -0.0000000 -0.0000000 0.0000000 0.1 OODOOO 0.0500000 O.OODOOO0 -0~0500000 
YL151 
H*K*DXY( 1 )  -0.1000000 
3 X 5 ARRAY 
QUADRATIC FITTIVG 
DERIV. F3RWULA (SECOND PARTIAL W.R.T. Y 4NO Y). ONLY ONE ROW IS GIVEN. 
K*K*DYY( 1) 0.2000000 0.2000000 0.7'l00000 0.2000000 0.2000000 -0.4000000 -0.4000000 
K*K*DYY( 11 -0.4000000 -0.4000000 -0.4000000 0*2000000 0.2000000 0.2000000 0.2000000 
Y(151 
K*K*OYY( 1) 0.2000000 
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P( 6 )  









P (  16) 
Pi 17) 
P(18) 
P (  19) 
P120) 
P121) 




P (  11 
P( 2) 
P(  3) 
P(  4) 
PI 5 )  
PI 61 
P I  7) 
Pt 81 


























































































































































































0.0 4 00000 
0.3600000 
0.0800000 
































































































































































































































































































































0 . D 4 O O O O O  













































0.0 6 00000 
0.0600000 
0 * 08 00000 
0.0800000 
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5 X 5 ARPAY 
L I N E A R  F I T T I V G  
DERIV.  FJRMULA ( F I R S T  PARTIAL W.R.T. X I .  ONLY ONE Rol l  IS GIVEN. 
H*OX( 1) -0-0400000 -0.0200000 -0~0000000 0.0200000 0.0400000 -0.0400000 -0.0200000 
Y (  8 )  Y (  9) Y(1OJ Y ( 1 1 )  Y ( 1 2 1  Y t 1 3 J  Y ( 1 4 )  
0.0200000 H*OX( 1) -0.0000000 0~0200000 0.0400000 - 0 ~ 0 4 0 0 0 0 0  -0.0200000 -0~0000000 
Y ( 1 5 )  Y ( l 6 )  Y t 1 7 )  Y (  181 Y(19) Y ( 2 0 )  Y (21 )  
0.0400000 -0.0400000 H*OX( 1) 0~0400000 -0.0400000 -0.0200000 -0 .DO 00000 0.0200000 
Y t 2 2 )  Y ( 2 3 )  Y ( 2 4 )  Y (25) 
H*OX( 1) -0.0200000 -0.0000000 0.0200000 0 - 0 4 00000 
5 X 5 ARRAY 
L I N E A R  F I T T I V G  
DERIV. FJRHULA ( F I R S T  PARTIAL W.R.T. Y ) .  DNLY ONE ROW IS GIVEN.  
0.0200000 0.0200000 K*OY( 1J 0~0400000 0~0400000 0.0400000 0~0400000 0.0400000 
K*OY( 1) 0.0200000 0.0200000 0.0200000 -0.0000000 -0.0000000 -0.0c30000 0.0000000 
Y 1 1 5 )  Y ( l 6 )  Y ( 1 7 J  Y (  18) Y ( 1 9 )  Y(20)  Y ( 2 1 )  
0.0000000 -0.0200000 -0.0200000 -0.0200000 -0.0200000 -0.0200000 -0~0400000 K*OYI 1) 
Y1221 Y(23 )  Y ( 2 4 J  Y ( 2 5 )  
K*OY( 1 J  -O.O+OOOOO -0.0400000 -0.0400000 -0~0400000 
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5 X 5 ARRAY 

























































































































































































































0.10 2857 1 
-0.08 57143 
-0 -02285 7 1 
0 -0 114286 






-0- 0 5 71429 
0.0285714 
0.0 5 14286 
0.0457143 















































































-!J*.po 0 0000 
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P I  1) 
P I  21 
P I  31 
P I  4 )  
P I  51  
P I  61 
P I  71 
P I  81 
P I  9 1  
P I  131 
P I  14)  
P I  15)  
P I161 
P( 171 
P l 1 8 )  
P I191 




P l 2 4 )  
P l 2 5 )  
P I  1) 
P I  2)  
P I  31 
P( 4) 
P I  51 
P I  61 
P I  7 )  
P( 8) 
P I  91 
P I  10) 
PI111 
P I  121 
P I  13) 




P I  18)  
P I  191 
PI20) 
PI211 
P I  22) 
P l 2 3 )  
P l25 )  
~ ( 2 4 1  




















































Y I l 6 1  
0.0285714 
































































































































Y l 2 5 )  
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5 X 5 ARZAY 
QUADRATIC F I T T I Q G  



























































































































































0.11 42 8 57 




















-0 -05 7 1429 
























0 I 0 171429 
0.0742857 
-0.1542857 
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H*OXl 1) 
H*OXI 21 




H*OXl 7 )  
H*OXl 8) 
H*OX( 91  
H*OXl10) 
H+OX( l l I  






H*OX( 18)  
H*OX119) 
H*OXlZO) 






H*OX( 2 )  
H * O X l  3) 
H*OXl 4) 
H*OXl 5) 
H*OX( 6 )  






































0.097 142 9 
0.1542857 
-0.0742857 




















0 .I 0 17 1429 























































































































0.11 428 57 
0 -0571429 
-0.0000000 
-0.0 5 7142 9 
-0- 11 428 57 
0.1142857 


















































































- 0.0 5.42 8 5 7 
0.0028571 
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5 X 5 A R R A Y  
QUADRATIC F I T T I U G  
O E R I V .  FJRMULA ( F I R S T  P A R T I A L  W.R.T. Y 1  
K * O Y (  1) 
K*DY( 21 
K * O Y (  31 
K * O Y (  41 
K * O Y (  5 )  
K*OY(  6 )  
K * O Y (  7 )  
K*OY(  8 )  
K*DY( 91 
K*OY ( 101 
K+OY ( 111 
K * O Y (  1 2 )  
K*OY(13J 
K*DY ( 141 
K*OY ( 15 I 
K*OY(16) 
K * O Y (  171 
K * O Y (  1 8 )  
K*DY(19)  
K * O Y (  201 
K*OY (211  
K*OY(221 
K*OY ( 231 
K*OYI 2 4 )  
K*OY ( 25 1 
K * O Y (  1 )  
K * O Y (  21 
K * O Y (  3 )  
K * O Y (  4 )  
K * D Y (  51 
K * O Y (  61 
K*DYl 71 
K * O Y (  8) 
K * O Y (  9 )  
K * O Y (  101 
K * O Y ( 1 1 )  
K * O Y  I 121 
K * O Y (  131 
K * O Y (  1 4 )  
K*DY( 151 
K*OY 1 6 )  
K * O Y (  171 
K*OY(181 
K*OY ( 1 9 )  
K*OY ( 2 0 1  
K*OY ( 211 
K*OY(221 
K*OY (231  
KOOY ( 2 4 )  
K*OY(251 






0.177 142 9 
0.137 1429 
0.0971429 
0.057 142 9 
















Y (  81 













































































Y l  3 )  
0.1542857 





































































0. DO285 7 1 





-0.0 3428 57 
Y (  111 
-0.11 42857 























0.11 428 57 










































0 - 0571!tL9 
0.0571429 
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K * O Y I  1) 
K*OYL 2) 
K * O Y I  31 
K * O Y l  4) 
K * O Y l  5) 
K+OYl 6) 
K * O Y I  7) 
K * O Y l  8) 
K*OYI 9) 
K * O Y I l O )  
K*OY I 11) 
K*OY{12) 
K*OYl13) 
K * O Y I  14)  
K*OY(  15)  
K*OYI16) 
K * O Y I  17)  
K*OY(  18) 
K*OYl19) 




K*OY 124)  
K*OYl25) 
K*OYI  11 
K * O Y I  2) 
K * O Y I  3) 
K * O Y I  4) 
K * O Y I  5) 
K * O Y l  b )  
K * O Y I  7) 
K * O Y I  8) 
K * D Y I  9) 
K * O Y l l O )  
K * O Y I 1 1 )  
K*OYI12) 
K I O Y L  13)  
K*OY( 141 
K*OY I 15 1 
K*OYl161 
K * O Y I  17) 
K*OY I 18)  
K*DY I 19) 
K * D Y I Z O )  
K*OY 12 1) 
K*OYl221 




















0.0 57 142 9 
0.0571429 









































































































































Y l18 )  
-0.0771429 
-0.0771429 





















0 -0 3 71429 
0.0371429 























-0.19 428 57 
-0.2342857 
-0.02za571 
Y l19 )  
-0.0571429 
-0 e067 142 9 
-0.0771429 
-0.0871429 







































































-O* l l42857 
-0.0742857 
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H*H*OXXi 1) 
5 X 5 ARRAY 
QUADRATIC F I T T I V G  
OERIV. FJRHULA (SECONJ PARTIAL W.R.T. X 
Y (  1) Y( 2) 
0.0571429 -0.0285714 
Y (  8) Y i  9) 
-0.0571429 -0.0285714 
Y(15) Y(16) 
0.0 57 142 9 0.0571429 
Y i22 )  Y(23) 
-0.0285714 -0.0571429 
AND XI .  ONLY ONE ROW I S  GIVEN. 
Y i  3 )  V I  4 )  
-0.0571429 -0.02857 14 
Y(10) Y (  11) 
01 0571429 0.0571429 
Y(17) Y (  18) 
-0.0285714 -0.0571429 
Y(24) Y(25) 
-0.0285714 0 -0 5 71429 




Y i19 )  
-0.0285714 












5 X 5 ARRAY 
PUAORATIC F I T T I V G  
DERIV. F3RNULA (SECOND PARTIAL W.R.T. X AND Y). ONLY ONE ROW IS GIVEN. 
H*K*OXY( 1) -0.0400000 -0.0200000 -0~0000000 0.0200000 0.0400000 -0.0200000 -0.0100000 
H*K*OXY( 1) 0.0000000 0.0100000 0.0200000 0.0000000 -0.0000000 0.0000000 -0.0000000 
H*K*OXY( 1) -0.0000000 0.0200000 0.0100000 -0.0000000 -0.0100000 -0.0200000 0.0400000 
0.0200000 0.0000000 -0.0200000 -0.0400000 
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5 X 5 A R X A Y  
PUADRATIC FITTING 





Y l  1 )  Y I  2) Y l  31 Y l  4) Y l  51 Y l  6 )  Y l  7 )  
0 -0571429 0.0571429 0.0571429 0.0571429 0.0571429 -0.0285714 -0.0285714 
Y I  81 Y l  9) YI10) Y(11) Y l12 )  Y l13)  y1141 
-0.0285714 -0.0285714 -0.0285714 -0.0571429 -0.0571429 -0.0571429 -0.0571429 
Yf15)  Y l l b )  Y l17)  Y l18 )  Y I19 )  Y l20)  y121) 
-0.0571429 -0.0285714 -0.0285714 -0.0285714 -0.0205714 -0.0285714 0.0572429 
0.0571429 0.0571429 0.0571429 0.0571429 
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